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ABSTRACT 

A necessary condition for generation of bright soliton Kerr frequency combs in microresonators is to achieve 
anomalous group velocity dispersion (GVD) for the resonator modes. This condition is hard to implement in 
visible as well as ultraviolet since the majority of optical materials are characterized with large normal GVD 
in these wavelength regions. We overcome this challenge by borrowing ideas from strongly dispersive coupled 
systems in solid state physics and optics. We show that photonic compound ring resonators can possess large 
anomalous GVD at any desirable wavelength, even if each individual resonator is characterized with normal 
GVD. Based on this concept we design a mode locked frequency comb with thin-film silicon nitride compound 
ring resonators in the vicinity of Rubidium Di line (794.6 nm) and propose to use this optical comb as a flywheel 
for chip-scale optical clocks. 


1. INTRODUCTION 

Four-wave mixing (FWM) and Kerr frequency comb generation in optical microresonators has attracted a broad 
spectrum of interests in science and technology because of both classical and quantum functionalities of the 
phenomena. A partial list of its applications includes wavelength conversion, optical frequency comb, microwave 
signal generation, chip-scale optical clocks, and generation of non-classical entangled photons (se£10for a review). 
Achieving anomalous GVD for the resonator modes is a central challenge to attain such functionalities. This 
becomes particularly difficult at shorter wavelengths wherein optical materials show normal dispersion as the 
wavelength of light approaches optical transitions. The matter strongly interacts with the photons resulting in 
a reduced propagation speed, and the appearance of normal GVD. 

There have been promising efforts to achieve anomalous GVD by optimizing the waveguide cross section 
dimensions )3I11 adding appropriate material cladding,® or using slotted waveguide structures.®® While these 
techniques enable dispersion engineering, they fail at shorter wavelengths where the material has strong normal 
GVD. It is possible to generate dark solitons with normal GVD resonators, but the pulses generally are not 
transform limited.® A frequency dependence of the resonator attenuation can be utilized to generate short pulses 
in a normal GVD resonator.® Recent interesting works demonstrate dispersion engineering of weakly coupled 
resonators, but on a small range and with limited bandwidthllLlliil 

In this paper we present a general scheme to achieve anomalous GVD for generating bright solitons at any 
wavelength in photonic resonators implemented with conventional semiconductor manufacturing techniques. We 
describe a solution by borrowing ideas from strongly dispersive coupled systems in solid state physics and optics. 
It is known that the coupling of electron waves in crystalline solids results in both positive and negative effective 
electron mass.^ The electronic energy band formation in these systems is similar to optical supermode formation 
in the case of interacting coupled optical waveguides or resonators, and the positive and negative effective electron 
mass is formally analogous to normal and anomalous GVD of the optical supermodes. We further show that the 
GVD of two coupled systems can vary over a large range if they are nearly phase-matched but have different 
group velocities. This coupling scheme, which is strongly dispersive, is observed in polaritons (phonon-photon 
coupling), where photons and phonons are phase matched but have different group velocities.^ Such coupling 
has been also studied in optical fiber systems to engineer the GVD.E^ 
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Figure 1. Schematic of a dual-ring resonator made of a coupled-waveguide (CWG) structure in (a) lateral and (b) vertical 
coupling schemes. In each case, the CWG is a directional coupler with the cross section shown in the inset and it supports 
symmetric and anti-symmetric modes as shown in the insets, respectively. In either structures in (a) and (b), the external 
coupling waveguide can be integrated laterally or vertically with respect to resonators. 

We show that the GVD of a selected supermode of a compound microring resonator made of a composite 
waveguide (Fig.[^ can be properly adjusted to achieve anomalous dispersion, while each individual waveguide has 
large normal GVD. The proposed method provides the ability to generate Kerr frequency combs at any desirable 
wavelength utilizing on-chip planar resonators. Using this concept we design a compound ring resonator with 
anomalous GVD at 795 nm for generation of bright soliton Kerr frequency combs. For the design and simulation 
we use silicon nitride (Si 3 N 4 ) which is a low loss broadband photonic material providing high-Q planar ring 
resonators [Q > 10®) with high 3“'® order optical nonlinearity.!^ For all the analyses the (Si 3 N 4 ) resonators 
have silicon oxide (Si 02 ) cladding. This compound structure allows utilizing thin film Si 3 N 4 platforms, that are 
robust and stress-free, enabling wafer-scale devices with desirable anomalous GVD. 

2. GROUP VELOCITY DISPERSION OF SUPERMODES OF A DUAL-RING 

STRUCTURE 

Let us consider a compound dual-ring structure created from two strongly coupled dielectric waveguides (CWG) 
(Fig.[T]). We study two architectures for this system: i) lateral, wherein the rings are concentric and laterally 
coupled (Fig. and ii) vertical, wherein the rings are vertically laid on each other (Fig. &)• These structures 
are different from a conventional slot waveguide structures as the inner spacing between the rings can be quite 
large that no slot mode is supported. The compound resonators support two supermodes: (1) symmetric and 
(2) anti-symmetric. Dispersion of the modes can be modified by changing the spatial gap between the rings in 
addition to their dimensions. Thus the supermodes can have anomalous GVD even if the individual waveguides 
have normal GVD. 

For the sake of simplicity, let us assume an infinite bend radius for the microrings so that we could use 
the coupled-mode analysis of parallel straight waveguides (later on we present results of accurate numerical 
simulations taking the bend radius into account). The coupling equations for two identical waveguides can be 
written asfi^ 


d 
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—oi = i/3ai + iKa2, 
dz 

—02 = iPa2 + iK*ai, 
dz 
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where Ui and 03 are the amplitude of the field in each waveguide, j3 is the propagation constant of the mode 
in individual isolated waveguides, k is the coupling factor between the waveguides, and z is the propagation 
direction. By finding the eigen solutions of set Q and ([^, the propagation constants of the symmetric (/3+) 
and anti-symmetric (/3_) modes of the GWG structure are obtained as: /3± = /3 ± |«:|. Because the dispersion of 
individual waveguides is Dq = — {uP/ {2t:c)) (P(3 / duP' ^ the dispersion of the symmetric and anti-symmetric mode 
can be obtained as: 
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Since the the coupling between the waveguides in the compound structure depends on the evanescent field, 
the coupling factor is related to frequency as |k| ^ exp (—aoj), wherein a is some positive constant that depends 
on the material and structure of the waveguides as well as the cladding. The 2"'^ order derivative of the coupling- 
originated factor in Eq. (|^ is positive, so that D_ > Dq. In other words, the coupling shifts the integral GVD 
of the anti-symmetric supermode towards the anomalous region. In addition, and as shown later, when the 
two waveguides have different group velocities, their coupling can be strongly dispersive providing a large range 
anomalous GVD. These are the basic idea utilized in this study. 
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Figure 2. Achieving anomalous dispersion in the visible range with the anti-symmetric mode (red plot) of a compound 
Si 3 N 4 ring resonator for (a) lateral and (b) vertical designs. The polarizations in (a) and (b) are transverse magnetic (TM, 
electric field has out-of-plane direction) and transverse electric (TE, electric field has in-plane direction), respectively. The 
insets in (a) and (b) show portion of the dual-rings. The results for the symmetric mode (blue plot) and the mode of a 
single ring (green plot) are also shown. In (a) dotted (solid) green line stands for the external (internal) ring. For (a) the 
external ring radius is 100 fim, wi = 650 nm, W 2 = 550 nm, h = 450 nm, and g = 300 nm. For (b) the ring radius is 100 
gm, w = 700 nm, hi — h 2 = 350 nm, and g = 100 nm. Red arrow illustrates the wavelength at which generation of Kerr 
frequency comb was simulated, (c) Variation of resonance frequency difference between the symmetric and antisymmetric 
modes normalized to FSR of the single ring vs. the resonance wavelength of the single ring, (d) Residual frequency 
detuning characterizing dispersion of the anti-symmetric supermode spectrum defined as ojj — ujjg — lofshU — jo), where 
LUjg is the frequency of the pumped mode having number jo, toj is the frequency of a j^'^ mode, ujfsr = ~ ^io-i)/2- 

To achieve anomalous GVD the rings in the compound structure need to be phase-matched for efficient mutual 
coupling. Phase matching for the lateral architecture requires the effective refractive index of the external ring 
to be smaller than that of the internal ring and scales with the inverse of the ring radius. For that we reduce the 
width of the external ring to fulfill the requirement. This modification also results in different group velocities 
for individual rings and provides strong dispersive coupling. For vertical architecture (Fig. phase-matching 
is readily achievable as the rings can be made identical. 

We perform exact numerical simulations of the lateral and vertical ring structures taking into account bending 
of the resonators as well as the material dispersion of Si 3 N 4 and Si02 cladding. Figure shows dispersion of 
the symmetric and anti-symmetric supermodes of a laterally-coupled dual-ring resonator designed for visible 
wavelengths. The resulting GVD is compared with that of a single ring resonator. One can see that the anti- 


















symmetric mode provides anomalous GVD over a broad wavelength range, while the single ring naturally has 
normal GVD. The dispersion of symmetric and anti-symmetric supermodes of the dual-ring in Fig. shows a 
peaks at the wavelength of the maximum phase matching. The magnitude of this peak depends on the group 
velocity difference between the modes of the individual rings. 

Figure shows the simulation results for the vertically coupled compound resonator. The resultant anoma¬ 
lous GVD of the anti-symmetric supermode is less frequency dependent than that of the lateral architecture, 
since both rings are identical and equiradial. The fabrication of vertical dual-ring is more involved, as it requires 
multi-layer deposition of materials, but since the thickness of each ring is quite small (350 nm for Fig. [^), the 
implementation of this structure is feasible with the existing and mature multi-layer integration.^^ 

The compound resonators discussed here are based on strong coupling between the individual rings. Figurej^ 
illustrates the frequency split between symmetric and anti-symmetric modes of the same order normalized to 
the free spectral range (FSR) of the compound resonator with data in Fig. This splitting exceeds the FSR, 
which shows that these supermodes are independent. This contrasts with the case of weakly coupled rings where 
the two supermodes are correlated with eigen-modes of each ring. 

In the strongly coupled case considered here, symmetric and anti-symmetric supermodes have slightly different 
FSRs and significantly different GVD. This property can be used for observation of various GVD-sensitive 
dissimilar nonlinear processes in the same compound structure. Switching between these processes can be 
achieved by selection of the proper supermode family. We illustrate this for the case of Kerr frequency comb 
generation. 

For the rest of the discussion we only focus on the lateral coupling architecture. The GVD illustrated by 
Fig.[2}i allows generating an octave spanning Kerr frequency comb. To show that, we need to depict higher 
order dispersion terms, as illustrated by Fig. [^. The spectral width of the comb is approximately limited by 
the region confined between the two points corresponding to the generation of Gherenkov radiation.^^ Such a 
broad comb can be stabilized using f-2f or 2f-3f techniqueJi^ making it suitable for clocks and oscillators. 

3. GENERATION OF DARK AND BRIGHT SOLITONS FROM THE SAME 

MICRORING 

We numerically studjff^Kerr frequency comb generation regimes for the structure in Fig.[2i when the pump light 
is in resonance with either of the supermode families near 795 nm. Figures ([^-c) and (^-f) characterize the 
comb generation for symmetric and anti-symmetric supermodes, respectively. Multiple branches corresponding to 
generation of mode locked frequency combs are observed in both &) and ([sJR The lowest branches correspond to 
generation of a frequency comb with single pulse soliton within the resonator 12211211 These pulses and corresponding 
frequency combs can be seen at other panels of Fig. 

From the results of the numerical simulations we conclude that while frequency combs can be generated at 
both normal and anomalous regimes, the anomalous regime is more advantageous since i) the dynamic range 
of the frequency comb generation is much larger, ii) the mode locked regime is much better isolated from the 
chaotic and breathing regimes, iii) the envelope of the comb is smoother, and iv) the bright pulse generated 
in the resonator can be very short, approaching one femtosecond range. Therefore, the method described in 
this paper is truly advantageous for Kerr frequency comb generation applications, including chip scale optical 
clocksEll[13 In this clock architecture a frequency harmonic of the comb is locked to optical Rb transition and 
the comb transfers the optical stability to microwave frequency corresponding to its repetition rate. 

By varying the parameters of the Si 3 N 4 compound ring we were able to achieve anomalous GVD at any 
wavelength within 450 nm-2500 nm range. The method is also applicable to any other platform, including 
crystalline optical materials such as GaF 2 , MgF 2 , AI 2 O 3 , and others. This means that the technique can be 
used for generation of frequency combs at virtually any desirable wavelength, though further study is required 
to verify any impact of multi-photon absorptioiP as well as change of the coupling strengtiP on the efficiency of 
the comb generation. 
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Figure 3. Frequency comb generation regimes in the case of normal (panels (a), (b), and (c)) and anomalous (panels (d), 
(e), and (f)) dispersion observed for symmetric {FSR = 219 GHz) and antisymmetric {FSR = 218 GHz) supermodes of 
the resonator with dispersion parameters illustrated in Fig.|^. Isolated branches in (a) and (d) corresponding to soliton 
generation within the resonators are clearly visible. Panels (a) and (d) stand for numerical simulation of the power of the 
comb sidebands versus detuning of the pump light frequency from the corresponding mode of the resonator. The detuning 
is normalized to the bandwidth of the optical modes. The total power of the sidebands is normalized to the input pump 
power. Panels (d) and (e) illustrate fundamental frequency combs generated within the compound resonator structure 
at the frequency detuning marked by green dots in (a) and (d). The power of the comb harmonics is normalized to the 
pump power within the resonator mode. The fundamental frequency combs correspond to a single pulse confined in the 
resonator which are dark, (c), and bright (f), solitons. The power of the bright (dark) solitons is normalized to the peak 
(background) power. For the simulations, the pump wavelength was selected to be at 795 nm. 


4. CONCLUSION 

We have presented a generalized dispersion engineering techniques based on strong coupling of compound ring 
resonators to achieve anomalous GVD. This approach is suitable for nonlinear optics applications and generation 
of mode-locked frequency combs at arbitrary wavelength on a chip. To validate our technique, we numerically 
demonstrated stable frequency combs and cavity solitons at wavelengthes near the transition of Rubidium. We 
expect that this dispersion engineering method and the proposed compound dual-resonator architecture will find 
wide applications in many areas including chip scale nonlinear quantum photonics, metrology and spectroscopy. 
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